Abstract. Let f : X → Y be a perfect map between finite-dimensional metrizable spaces and p ≥ 1. It is shown that the set of all f -regularly branched maps g ∈ C * (X, R
Introduction
All spaces are assumed to be metrizable and all maps continuous. The paper is devoted to a generalization of the Hurewicz theorem [7] on regularly branched maps. Recall that a map g : X → Z is called regularly branched (this term was introduced by Dranishnikov, Repovš andŠčepin [3] ) if dim B n (g) ≤ n · dim X − (n − 1) · dim Z for any n ≥ 1, where B n (g) = {z ∈ Z : |g −1 (z)| ≥ n}.
contains a dense G δ -subset of the space C * (X, R p ) equipped with the source limitation topology.
Here, C * (X, R p ) is the set of all bounded maps from X into R p and f is said to be σ-perfect if X is the union of its closed subsets X i , i = 1, 2, .., such that f (X i ) ⊂ Y are closed and each restriction f |X i is perfect.
Corollary 1.2.
If the numbers k, p, m and n satisfy the inequality k + m + 1 ≤ (p − k)n, then for any σ-perfect map f : X → Y such that dim f ≤ k and dim Y ≤ m the set {g ∈ C * (X, R p ) : |(f × g) −1 (z)| ≤ n for every z ∈ Y × R p } contains a dense G δ -subset of the space C * (X, R p ) with the source limitation topology. Corollary 1.2 follows directly from Theorem 1.1. Indeed, under the hypotheses of this corollary, if g ∈ C * (X, R p ) is f -regularly branched, then dim B n+1 (f × g) ≤ (n + 1)(k + m) − n(p + m) ≤ −1. So, f × g is ≤ n-to-one for all f -regularly branched maps.
If p ≥ 2k + m + 1, then, by Corollary 1.2, there exists a dense and G δ -subset G of C * (X, R p ) such that f × g is one-to-one for every g ∈ G. Hence, all f × g, g ∈ G, are embeddings provided f is a perfect map. So, we obtain a parametric version of the Nöbeling-Pontryagin embedding theorem (see [13] , [12] and [18] ). But Corollary 1.2 implies the following much stronger result: If p ≥ 1 and f : X → Y is a σ-perfect map with dim f ≤ k and dim Y ≤ m, then the set H = {g ∈ C(X, I
k+p ) : |(f × g) −1 (z)| ≤ max{k + m − p + 2, 1}∀z ∈ Y × I p+k } contains a dense and G δ -set in C(X, I p+k ) with respect to the source limitation topology, where C(X, I
p+k ) is the set of all maps from X into I p+k . This result was established in [17] and provides positive solutions of two hypotheses of Bogatyi-Fedorchuk-van Mill [1] .
The following question suggests an improvement of Theorem 1.1 (we say that g : X → Z is strongly f -regularly branched if dim
Question. Let f satisfy the hypotheses of Theorem 1.1. Does there exist a dense and G δ -set in C * (X, R p ) consisting of strongly f -regularly branched maps?
Now, few words about the source limitation topology. The source limitation topology on C(X, M), where (M, d) is a metric space, can be described as follows: a subset U ⊂ C(X, M) is open if for every g ∈ U there exists a continuous function α : X → (0, ∞) such that B(g, α) ⊂ U. Here, B(g, α) denotes the set {h ∈ C(X, M) : d(g(x), h(x)) ≤ α(x) for each x ∈ X}. The source limitation topology doesn't depend on the metric d if X is paracompact [8] and C(X, M) with this topology has the Baire property provided (M, d) is a complete metric space [11] . Moreover, if X is compact, then the source limitation topology coincides with the uniform convergence topology generated by d. One can show that
is open in C(X, R p ) with respect to the source limitation topology when the Euclidean metric on R p is considered. Therefore, C * (X, R p ) equipped with this topology also has the Baire property.
All function spaces in this paper, if not explicitely stated otherwise, are equipped with the source limitation topology.
Some preliminary results
In this section we suppose that f : X → Y is a perfect map such that f (X) ⊂ Y is closed, where X and Y are metrizable. We also consider (n + 1)-tuples P = (A 1 , A 2 , .., A n , Π), where A 1 , .., A n are disjoint closed subsets of X and Π is a plane in
Lemma 2.1. Suppose y ∈ Y and H ⊂ Y is closed. Then, for every P = (A 1 , A 2 , .., A n , Π), the following conditions hold:
Proof. (a) The case when y ∈ f (X) is trivial, we take any neighborhood U y of y in Y with U y ∩ f (X) = ∅ (recall that f (X) ⊂ Y is closed, so such U y exists). Suppose that y ∈ f (X) and g ∈ C P (X|{y}, R p ). Then
is compact and f is perfect, we can choose a neighborhood U y of y in Y such that
., s, satisfying the conditions:
where
We have
., n. Since, by the first part of (3), z ∈ V y , we have z ∈ V (z j ) for some j.
, which contradicts the second part of (3).
(b) Let g ∈ C P (X|H, R p ). It suffices to find a function α : X → (0, ∞) with B(g, α) ⊂ C P (X|H, R p ). By (a), for every y ∈ H, there exist neighborhoods U y with
We are going to define functions α y : U y → (0, ∞), y ∈ H, satisfying the following condition, where h ∈ C * (X, R p ) and K ⊂ U y are arbitrary:
If some of the intersections A i ∩ U y , i = 1, 2, .., n, are empty, condition (4) is satisfied, no matter how α y is defined. In this case we agree α y to be the constant function 1. Suppose now that A i ∩ U y = ∅ for every i = 1, .., n. Then the construction of the functions α y depends on B(y). If B(y) = ∅, we define α y (x) = 2
, Π). According to (1) , this function is positive and, obviously, α y satisfies (4). If B(y) = ∅, then U y satisfies (3) . In this case, keeping the notations from the proof of (a), we consider the sets W (i,y) = ∪{V (z j ) : i(z j ) = i}, i = 1, .., n, and define the functions α (i,y) :
be a continuous extension of α y . We need to show that α y satisfies (4). Suppose h ∈ C * (X, R p ) and
Now, we can finish the proof of (b). We can suppose, without loss of generality, that the family {U y : y ∈ H} is locally finite in
In the next two lemmas we suppose that 1
., A n , Π) is an (n + 1)-tuple with all A 1 , A 2 , .., A n being closed disjoint subsets of X and Π a plane in
Proof. Let g = (g 1 , g 2 ) ∈ C(H, P). It suffices to find two continuous functions
we use an idea from the proof of [15, Lemma 2.5]. Let U = {U z : z ∈ H} and choose a closed neighborhood
such that the family {St(W, γ) : W ∈ γ} refines ν and satisfying the following condition:
It is easily seen that, if h 1 ∈ B(g 1 , α 1 ), then f × h 1 and f × g 1 are γ-close, i.e., for every x ∈ X there exists W ∈ γ containing both (f (x), h 1 (x)) and (f (x), g 1 (x)). According to the choice of γ, the last observation implies that each (f × h 1 )
. Now, following the proof of Lemma 2.1(b) (with f replaced by f × g 1 and g by g 2 ), we obtain a function α 2 : X → (0, ∞) such that (see condition (5))
Hence, by (7) and (8),
Proof. We use an idea from the proof of [16 
It is well known (see, for example [4] ) that for any such a function there exists a continuous function α 2 : H → (0, ∞) with 
Proof. Let (g 1 , g 2 ) ∈ H(V ) and H = (f ×g 1 )(X). Note that H ⊂ Y ×R k is closed because f × g 1 is a perfect map. As in the proof of Lemma 2.2, it suffices to find functions α i : X → (0, ∞), i = 1, 2, such that B(g 1 , α 1 ) × B(g 2 , α 2 ) ⊂ H(V ). By Lemma 2.3, for every i = 1, 2, ., p − k, there exist functions α 
2 ). We can suppose that U B(g 1 , α 1 ) , then f × g 1 is γ-close to f × h 1 and
−1 (U z )) for every z ∈ H and i.
Suppose h 1 ∈ B(g 1 , α 1 ) and w ∈ (f × h 1 )(X). Then w ∈ W for some W ∈ γ with W ∩ H = ∅ and, by (9), there is z ∈ H such that (f × h 1 )
Proof of Theorem 1.1
Let show first that the proof of Theorem 1.1 can be reduced to the case f is perfect. Suppose X is the union of an increasing sequence of its closed sets X i such that each restriction f i = f |X i is perfect with Y i = f (X i ) ⊂ Y being closed. Then, applying Theorem 1.1 for every map f i : X i → Y i , and using that the maps
are surjective and open, we conclude that there exists a dense G δ -set G ⊂ C * (X, R p ) consisting of maps g such that g i = g|X i is f i -regularly branched for every i. Let g ∈ G and n ≥ 1. For any i the set
Hence, G consists of f -regularly branched maps. Thus, everywhere below we may assume that f is perfect. Moreover, we can also assume that p > dim f because, according to the definition, every g ∈ C(X, R p ) is f -regularly branched provided p ≤ dim f .
Let dim Y = m and dim f = k. By [17, Theorem 1.1] (see also [12] ), there exists a map q from X into the Hilbert cube Q such that f × q : X → Y × Q is an embedding. We fix a countable base {W i } i∈N for Q and consider the family A of the closures (in X) of q −1 (W i ), i ∈ N. Since Y × R k is a metric space of dimension ≤ m + k, for every n ≥ 1 there exists a sequence {H
We choose all H n i to be empty provided m + k ≤ m + nk − (n − 1)p, for example, this is the case when n = 1. We also consider all n + 1-tuples P(n) = (A 1 , A 2 , .., A n , R p−k ), where 
Proof. Fix n ≥ 1 and g ∈ F , where g = (
H n i and A 1 , A 2 , .., A n are disjoint elements of A. Consequently, for any z ∈ H(n), all fibers of the restriction g 2 |(f × g 1 ) −1 (z) contain at most n − 1 points. Hence,
Moreover, g = (
be the natural projection and r be the restriction of π 1,2 on (f × g)(X). Since both f × g 1 and f × g are perfect maps, r : (f ×g)(X) → (f ×g 1 )(X) is also perfect and surjective. Moreover, by (12) , r is 0-dimensional. Obviously,
Then, by the generalized Hurewicz theorem on closed maps lowering dimension [5] , dim
By Lemma 2.2 and Lemma 2.4, every F (H
According to Lemma 3.1, F consists of f -regularly branched maps. Since C * (X, R p ) has the Baire property, it suffices to show that each of the sets
be the coordinate functions of g 2 and apply [16, Theorem 1.3] to the map f × h 1 to obtain maps h
Next lemma provides the density of the sets C(H n i , P(n)). Indeed, we fix
and continuous functions α i : X → (0, ∞), i = 1, 2. As in the proof of Lemma 3.2, there exists
, we can apply Lemma 3.3 (with s = p − k and h and H replaced, respectively, by the map f × h 1 : X → (f × h 1 )(X) and the set H n i ∩ (f × h 1 )(X)) to find a map h 2 ∈ C * (X, R p−k ) which is α 2 -close to g 2 and
Proof. Let g 0 ∈ C * (K, R s ) and α : K → (0, ∞) be continuous. We are going to prove by induction with respect to s the existence of g ∈ C P (K|H, R s ) which is α-close to g 0 . If s = 1, then m + 1 < n, where m = dim H, and, by Proposition 4.1, there exists a dense G δ -subset G 1 of C * (h −1 (H), R) such that for all g ∈ G 1 , z ∈ H and t ∈ R the set h −1 (z) ∩ g −1 (t) contains no more than m + 1 points. Because the restriction map π :
, is open and surjective, the set G = π −1 (G 1 ) is dense and G δ in C * (K, R). Hence, there is g ∈ G which is α-close to g 0 . It is easily seen that g ∈ C P (K|H, R).
Let s > 1 and assume that the lemma holds for every q < s.
, according to our assumption, the lemma holds for any
, it is also dense in C * (K, R s−1 ). Hence, there exists g 2 ∈ C P (K|H 0 , R s−1 ) which is α/ √ 2-close to g 2 0 . According to Lemma 2.1(a), we can choose neighborhoods U z , z ∈ H 0 , such that
On the other hand, F = H\U is closed in L and dim F ≤ dim H 1 ≤ n−2 < n−1. Therefore, as we already observed, there exists g
2 ) is α-close to g 0 . It follows from (13) and (14) that
Appendix
This section is devoted to the proof of Proposition 4.1 which was already used in the proof of Theorem 1. Proof. As in the proof of Theorem 1.1, we take a map q : X → Q such that f × g : X → Y × Q is an embedding, where Q is the Hilbert cube, a countable base {W i } i∈N of open sets in Q and the family A consisting of the closures (in X) of q −1 (W i ), i ∈ N. There are countably many m + 3-tuples P = (A 1 , A 2 , .., A m+2 , R) such that A 1 , .., , A m+2 are disjoint elements of A. For any such P let C P (X, R) denote the set C P (X|Y, R), i.e. the set of all
The intersection G of all C P (X, R) consists of maps g such that each fiber of f × g contains at most m + 1 points. Since C * (X, R) has the Baire property, it suffices to show that any C P (X, R) is open and dense in C * (X, R). It follows from Lemma 2.1(b) that every C P (X, R) is open. To prove the density of C P (X, R), we first introduce the set-valued map ψ P : Y → 2 C * (X,R) , defined by the formula ψ P (y) = C * (X, R)\C P (X|{y}, R).
Claim 1. The map ψ P has a closed graph provided C * (X, R) is equipped with the uniform convergence topology.
The proof of this claim follows the arguments from the proof of [15, Lemma 2.6] . We need to use now Lemma 2.1(a) and Lemma 2.1(b) instead of, respectively, Lemma 2.3 and Lemma 2.5 from [15] .
Claim 2. Let y ∈ Y and g ∈ C * (X, R) be fixed. Then ψ P (y) ∩ B(g, α) is a Z m -set in B(g, α) for every α : X → (0, ∞), provided B(g, α) is considered as a subset of C * (X, R) equipped with the uniform convergence topology.
Recall that a closed subset F of the metrizable apace M is said to be a Z m -set in M (see [2] , [14] • All maps h ∈ C(I m ×f −1 (y), R) such that ({z}×f −1 (y))∩h −1 (t) contains at most m + 1 points for every z ∈ I m and t ∈ R form a dense subset of C(I m × f −1 (y), R) with respect to the uniform convergence topology.
We can prove now that C P (X, R) is dense in C * (X, R). It suffices to show that, for fixed g 0 ∈ C * (X, R) and a positive continuous function α : X → (0, ∞), there exists g ∈ B(g 0 , α) ∩ C P (X, R). We equip C * (X, R) with the uniform convergence topology and consider the constant (and hence, lower semi-continuous) convex-valued map φ : Y → 2 C * (X,R) , φ(y) = B(g 0 , α 1 ), where α 1 (x) = min{α(x), 1}. Because of Claims 1 and 2 , we can apply [6, Theorem 1.1] to obtain a continuous map h : Y → C * (X, R) such that h(y) ∈ φ(y)\ψ P (y) for every y ∈ Y . Observe that h is a map from Y into B(g 0 , α 1 ) such that h(y) ∈ C P (X|{y}, R) for every y ∈ Y . Then g(x) = h(f (x))(x), x ∈ X, defines a bounded map g ∈ B(g 0 , α) such that g|f −1 (y) = h(y)|f −1 (y), y ∈ Y . Therefore, g ∈ C P (X|{y}, R) for all y ∈ Y , i.e., g ∈ B(g 0 , α) ∩ C P (X, R).
